The paper deals with the state-dependent impulsive problem
Introduction
The investigation of impulsive differential equations has a long history; see, e.g., the monographs [-]. Most papers dealing with impulsive differential equations subject to boundary conditions focus their attention on impulses at fixed moments. But this is a very particular case of a more complicated case with state-dependent impulses. Boundary value problems with state-dependent impulses, where difficulties with an operator representation appear (cf. Remark .), are substantially less developed. We refer to the papers [-] and [] which are devoted to periodic problems, and for problems with other boundary conditions, see [, ] or [-] .
Here, in our paper, we present an approach leading to a new existence principle for impulsive boundary value problems. This approach is applicable to each linear boundary condition which is considered with some first-order differential equation subject to statedependent impulses. The important step is a proof of a transversality (Remark . and Lemmas . and .), which makes possible a construction of a continuous operator (Section ) whose fixed point leads to a solution of our original impulsive problem (Section ). http://www.boundaryvalueproblems.com/content/2013 /1/195 Notation Let M ⊂ R n , n ∈ N, [a, b] ⊂ R.
• C(M) is the set of real functions continuous on M.
• AC(M) is the set of real functions absolutely continuous on M. 
where the norm · ,∞ is given by
• χ A is the characteristic function of a set A, where A ⊂ R.
Formulation of problem
We investigate the solvability of the nonlinear differential equation
subject to the state-dependent impulse condition
Remark . Let S be the set of all solutions of problem (.), (.). According to Definition ., each function z ∈ S satisfies a transversality property, which means that the graph of z crosses a barrier γ at a unique point τ ∈ (a, b), where the impulse J acts on z.
After that (for t ∈ (τ , b]) the graph of z lies on the right of the barrier γ . This transversality property follows from transversality conditions (cf. (.), (.)) and it is proved in Section .
Assume that z  , z  ∈ S and z  = z  . Then there exists a unique τ i ∈ (a, b) such that γ (z i (τ i )) = τ i for i = ,  and τ  = τ  can occur. Therefore different functions from S can have their discontinuities at different points from (a, b). Our aim in this paper is to prove the existence of a solution of problem (.), (.) satisfying the general linear boundary condition (.). To do this, we need a suitable linear space containing S. Due to state-dependent impulses, the Banach space of piece-wise continuous functions on [a, b] with the sup-norm cannot be used here. Therefore we choose the Banach space
The operator in the general linear boundary condition (.) can be written uniquely in the form 
Green's function
For further investigation, we will need a linear homogeneous problem corresponding to problem (.)-(.). Such problem has the form
because the impulse in (.) disappears if J ≡ . We will also work with the nonhomogeneous equation 
The equation
has a unique solution c if and only if k = . Then a unique solution x of problem (.), (.) is written as
Consequently, the function G(·, s) belongs to G L [a, b]. This yields that the integral
Note that since G(·, s) is not continuous on [a, b], formula (.) cannot be used for G(·, s) in place of x. Instead, we use the properties of the Kurzweil-Stieltjes integral which justify the following computation
Hence, by (.), we get We will show that can be expressed in a form of (.). If α + β = , then k and v can be found from the equality
,
where has a form of the multipoint boundary condition
where v i ∈ R, i = , . . . , n -. By (.), we get 
where has a form of the integral condition
a h(ξ ) dξ = , then k and v of (.) can be found from the equality 
Similarly, if
In both cases, G is written as 
Assumptions
An existence result for problem (.)-(.) will be proved in the next sections under the basic assumption (.) and the following additional assumptions imposed on f , , J and γ . 
where f j ∈ L ∞ [a, b], j = , , . . . , p, g i ∈ C[-K, K], i = , . . . , p.
Transversality
and define a set B by
The following two lemmas for functions from B are the modifications of lemmas in [] and provide the transversality (cf. Remark .) which will be essential for operator constructions in Section . Proof Let us take an arbitrary u ∈ B and denote
Then, by (.) and (.), we see that σ ∈ AC[a, b] and
Consequently, there exists at least one zero of σ in (a, b). Let τ ∈ (a, b) be a zero of σ . By virtue of (.) and (.), we get, for t ∈ [a, b], t = τ , 
So, by virtue of (.) and (.),
We see that u ∈ B. For n ∈ N, define
By Lemma .,
We need to prove that Let us take an arbitrary ε > . By (.) and (.) we can find ξ ∈ (τε, τ ), η ∈ (τ , τ + ε) and n  ∈ N such that σ n (ξ ) > , σ n (η) <  for each n ≥ n  . By Lemma . and the continuity of σ n , we see that τ n ∈ (ξ , η) ⊂ (τε, τ + ε) for n ≥ n  , and (.) follows. http://www.boundaryvalueproblems.com/content/2013/1/195
Fixed point problem
In this section we assume that conditions (.), (.)-(.) are fulfilled, (.) and we construct a fixed point problem whose solvability leads to a solution of problem (.)-(.). To this aim, having the set B from (.), we define a set by 
where P is defined by (.) and the point
Now, we can define an operator F :
Here the functionals A  : → R and A  : → R are defined such that the functions x  and x  are continuous at the point Pu  . Therefore This together with (.) yields
Since v ∈ BV[a, b] (cf. (.)), we see that (.)-(.), (.), (.) and (.) give
Due to (.)-(.), we see that x i ∈ W ,∞ [a, b], i = , , and the operator F is defined well.
Lemma . Assume that (.) holds and that and F are given by (.) and (.), (.), respectively. Then the operator F is compact on .
Proof
Step . We show that F is continuous on . Choose a sequence 
where P is defined by (.). Denote
We will prove that Step . We show that the set F( ) is relatively compact in W ,∞ [a, b] × W ,∞ [a, b] . Choose an arbitrary sequence
We need to prove that there exists a convergent subsequence. Clearly, there exists
Choose i ∈ {, }. By (.) and (.), it holds
Therefore, the Arzelà-Ascoli theorem yields that there exists a subsequence
Consequently, for each ε > , there exists m  ∈ N such that for each m ∈ N,
Similarly as in Step , we prove (cf. (.), (.), (.)) 
Clearly, u n → u uniformly on [, ] and hence
For n ∈ N, denote x n = F  u n and x = F  u. Assume that the barrier γ is given by the linear function γ (x) = x on R and the impulse function
and, according to (.), we have for t ∈ [, ]
Consequently,
due to (.). Hence x n () x() and we have also x nx ∞ , and F  is not continuous
Lemma . results in the following theorem.
Theorem . Assume that (.) holds and that the set is given by (.), where
Further, let the operator F be given by (.), (.). Then F has a fixed point in .
Proof By Lemma ., F is compact on . Due to (.), (.), (.), (.), (.) and (.),
Therefore, the Schauder fixed point theorem yields a fixed point of F in .
Main result
The main result, which is contained in Theorem ., guarantees the solvability of problem (.)-(.) provided the data functions f , J and γ are bounded (cf. (.)-(.)). As it is mentioned in Remark ., Theorem . serves as an existence principle which, in combination with the method of a priori estimates, can lead to more general existence results for unbounded f and J and concrete boundary conditions. 
